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CHAPTER I
INTRODUCTION AND STATEMENT OF THE PROBLEM
Thousands of teachers are and have been attending
special training courses to become informed about the newer
trends in mathematics.

Many more teachers will be involved

in the "in-service" and workshop training to be conducted
in increasing numbers of schools.

From this and studies

carried on by the School Mathematics Study Groups, the
Commission on Mathematics, the Madison Project, and many
other similar professional organizations and committees, it
is apparent that schools are ready to re-evaluate and
reorganize the school mathematics curriculum and their
teaching methods.
The need for revision has become obvious because of
the recognized failures of elementary schools to produce
students who have learned arithmetic effectively.

Conse-

quently, junior high, high school, and college programs
have had difficulty in producing the number of well trained
mathematicians our changing world demands.

Only a few

of the very talented students have been able to maintain
the interest and gain the knowledge necessary to make
significant contributions to our scientific world.

2

Where does the fault lie?
fault?

How can we correct this

To find answers to these and related questions,

study groups at the college level, professional committees
composed of .mathematicians, and other groups of educators
on all levels have been busy examining and evaluating current
school mathematics curriculum and teaching methods.
findings have been published in many places.

Their

Scott-Foresman

Publishing Company has summarized current findings in perhaps
the most complete statement available:
The reports of various committees of mathematicians
and educators have indicated unanimously that a drastic
revision is needed in mathematics in the elementary and
high school levels. These reports have emphasized that
(1) mathematical ideas are not fully understood by
students and consequently are not retained for any
appreciable period of time; (2) mathematics is not enjoyed by same students, hence these students tend to
avoid courses in mathematics; and (3) the spirit of
school mathematics is not in keeping with the dynamic,
creative mathematics of today's world (2:1).
From these three points it is obvious that the mathematics curriculum must be revised and revitalized to promote
understanding, increased enjoyment of the mathematical
experience to which students are exposed, and creative thinking.
To accomplish this, the field of education must
deviate from the traditional and develop a modern content
curriculum.

The traditional must not be abandoned, it must

be supplemented by the addition of many new ideas.

However,
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the traditional must undergo two major changes.
must be taught with maximum understanding.

Mathematics

It must also be

based upon the few fundamental ideas which fit into a unified
pattern rather than upon unrelated or isolated ideas.
The construction of most textbooks now in use and the
unwillingness of teachers to depart from the traditional have
been serious obstacles to curriculum progress.

The textbook

has long been the curriculum guide for school mathematics.
Textbooks have provided rules for rote memorization and an
abundance of problems for mechanical busy-work.

The primary

emphasis in some books is still upon rote memorization and
drill.

studies of the many professional organizations and

committees have resulted in textbooks to facilitate the
teaching of a modern mathematics' program.

Silver Burdett,

Scott Foresman, McGraw Hill, and many other publishers are
in the process of starting or completing series of textbooks
emphasizing modern trends.
It has been difficult for most teachers to depart
voluntarily from traditional materials and approaches.

Yet

the teacher, the most important element in the instruction
process, must accept this responsibility and assume the role
of professional leadership.

Teachers generally have been

poorly trained and have lacked the enthusiasm necessary to
promote adequate learning.
Teachers are being encouraged to achieve competency
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in improved mathematics instruction through workshops,
"in-service training," National Science Foundation Scholarships, Carnegie Foundation Scholarships, and college summer
schools.

By providing training and sufficient motivation,

educators can solve the primary problem in revamping our
mathematics' curriculum.

But educators are also confronted

with the serious challenge of defining and organizing a
sound modern curriculum drawn from research on the basic
concepts students must have as they move from one level to
the next.

CHAPTER II
THE MATERIALS USED

The following curriculum is proposed as a basic
minimal content for the intermediate grades.

This curricu-

lum has been supplemented by the addition of suggestions to
the teacher for approaching same of the basic understandings
that usually cause trouble.

Also included are statements in

justification for teaching some of the newer concepts and
ideas.
This curriculum for the intermediate grades has been
derived from four basic sources discussed in the following
paragraphs.
I.

THE SCHOOL MATHEMATICS STUDY GROUP PROJECT
ON ELEMENTARY MATHEMATICS (10:34)

The School Mathematics Study Group, is widely known,
is recognized as one of the leading efforts in the field of
mathematics' curriculum..

The basic objective of the School

Mathematics Study Group is to bring about improvement in the
teaching of mathematics in our schools.
The School Mathematics Study Group has studied and
selected the understandings graduating high school students
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should have.

With this goal in mind, this group is devising

experimental courses of study for grades 9 through 12.
Another of its projects is concerned with grades 7 and 8.
Its most recent project is centered on the intermediate level.

The Arithmetic Teacher summarizes recommended

content for the intermediate grades as follows:
In particular, the reader is very likely to sense the
emphasis upon mathematical structure, the inclusion of a
substantial amount of content from geometry and an extension of arithmetic content to embrace topics normally
not included at the intermediate grade level (10:35}.
The School Mathematics Study Group has recommended

25 areas of an ideal curriculum.

As some of these areas

overlap, they have been combined in defining the curriculum
suggested in this paper.
II.

THE FLOWING CURRICULUM

lt"'ROM THE GROWTH OF MATHEMATICAL IDEAS ( 5: 480-498)

The National Council of The Teachers of Mathematics
has made many contributions to and improvements in the
teaching of mathematics.

This group has worked to improve

both instruction and content.

In 1959 it published the

"Flowing Curriculum," summarized in its Twenty Fourth Yearbooko
This yearbook is intended to be primarily a highlighting of the essential elements of those basic
mathematical understanding which should be continually
developed and extended throughout the entire mathematics'
curriculum, grades K-12 and beyond (5:v}.
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The National Council has advanced thirty two ideas
that include almost all phases of mathematics.

Some of the

ideas pertain to the classroom and same apply to situations
throughout life.
III.

GRADE PLACEMENT OF TOPICS

SCOTT FORESMAN PUBLISHING COMPANY (3:1)
Scott Foresman Publishing Company, long a leader in
mathematical publications, has attempted to blend the traditional and the modern curriculum. into something usable and
saleable.
IV.

CURRICULUM SUGGESTED BY

THE SILVER BURDETT PUBLISHING COMPANY ( 4)
Silver Burdett has attempted to combine ideas suggested
by The National Council of Mathematics Teachers and The School
Mathematics Study Group with those of its editorial staff.
Its complete revised curriculum is not in print at the time of
this writing, but will be available after research and evaluation have been completed on the current School Mathematics
Study Group experimental unit.
The following curriculwn content has been derived, in
part, from each of these four basic sources.

It is the result

of an attempt to present a modern yet moderately revised
curriculum..

The curriculum has been developed by topics
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rather than by grade placement and suggested content has

been organized into twelve basic areas.

(See Chapter III).

CH.APTER III
CURRICULUM
I.

NUMERATION AND THE RELATED UNDERSTANDINGS

The specific areas included in teaching numeration
which should be introduced and well learned in the intermediate grades are as follows: abstractions, symbols,
negative nurnbers or sign numbers, cardinal numbers, ordinal
numbers, place value, positional place value, and exponents.
A clear concept of symbols is fundamental to a firm
understanding of the other areas.

Students must understand

that numbers, nothing more than abstract symbols, may be
written in many ways.

Numbers carry no value in themselves,

only what we assign to them.

When we have assigned value to

numbers, this makes possible the use of equations, abstractions, and symbols.
Cardinal numbers are those used in what is ordinarily
thought of as counting.

It is generally assumed that stu-

dents have learned to count in the primary grades and that
teachers in the upper grades need not be concerned with
counting.

There are, however, good counting experiences

from which pupils in the upper grades can benefit.

Counting
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by larger numbers such as 5, 10, 50, 100, 200, and 250 will
be of continuing benefit to students.

Additional counting

exercises such as counting by 8 starting from 25 and counting
backward by 3 from 20 are worthwhile.
Since the four basic processes are a form of

collec-

tive counting, it is obvious that mastery of counting will
further the understanding of processes.
An understanding of ordinal numbers as they indicate

order or position is another basic essential.
numbers are related to each other by position.

Ordinal
The develop-

ment of the concept of ordinal numbers makes possible the
use of sets of the ordered pairs of numbers so frequently
used in all levels of mathematics.

Division, multiplication,

and ratio are all examples of ordered pairs of numbers.
Learning and using sign or negative numbers is a
fourth basic area in teaching numeration.

Signed numbers or

negative numbers can be most effectively introduced by answering questions growing from pupils' needs and experiences.
Examples of questions students may ask are: What is meant by
-10 degrees?

How do you express the score when the player of

a game goes in the hole?
The ideal and logical time to teach the concept of
zero is during the study of negative numbers.

Students must

learn that zero is more than just a place holder; zero is
the starting point from which positive and negative numbers
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are derived.

It is not a number in the sense that it repre-

sents quantity; but in number operations, zero is a number.
This understanding is of paramount importance.
In a positional number system such as ours, it is
necessary to explain place value.

Students should understand

that 358 really means 8 units 5 tens and 3 one hundreds.
Pursuing this further leads to the use of exponents. When
explained fully, students will willingly write 10 2 , 103, 104
rather than writing lOxlO, lOxlOxlO, and lOxlOxlOxlO.

This

skill, based on understanding, grooms the student for "stream.lining" written computation, which he should seek to do in
developing both speed and efficiency.
II.

UNITS OF MEASURE

While gaining a knowledge of numeration is a prime
fundamental, a comprehensive curriculum for intermediate
grades should also include a study of units of measure which
may be organized into five types.

They are:

(1) linear

measures (miles, inches, yards, rods, feet, meters, centimeters,
all other metric measures, and other standard units of linear
measure), (2) liquid measure (quarts, pints, fluid ounces,
etc.), (3) weight measure (pounds, ounces, tons, etc.), area
measures (square feet, square miles, etc.), (4) volume
measures (cubic feet, cubic inches, etc.), and (5) angle
measurement.
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The Twenty Fourth Yearbook of The National Council
of Teachers of Mathematics, in "Flowing Curriculum,"
illustrates the study of units of measure as follows:
Give experience with measuring some quantity with
different units to understand relationship between
units. Pupils should be led to see vti.ich unit is more
appropriate for measuring quantities of different sizes;
e.g., miles to measure distance between two cities,
inches to measure width of paper.
Classrooms should contain many standard units to give
opportunity for pupils to become familiar with them.
Estimates of measurement should be an integral part of
the instructional program, e.g., stepping off the length
of a room, estimating area, and so on (5:438).
III.

ADDITION AND SUBTRACTION

It is imperative that the curriculum for the intermediate grades provide for addition and subtraction facts
learned in the kindergarten through third grade section.
The curriculum should extend this concept to larger numbers
involving carrying and borrowing.
Since addition and subtraction facts are inverse
processes, it is especially important that they be taught
together.

This teaching should include the communative law

of addition(~ plus bis equal to b plus a) and the associative law (a plus b plus£) equals(~ plus b) plus£).

These

laws should be discovered by the students and generalized
verbally.

The "Flowing Curriculum" in the Twenty Fourth

Yearbook of The National Council of Teachers of Mathematics
states:

13
The associative and distributive laws are essential
ideas upon which are based ttcarrying" and "borrowing"
in column additional and subtraction (5:481).
There are many good available aids for teaching
addition and subtraction facts, and their use has definite
value.

However, the main objective maintained should be the

discovery and explanation of logical manipulation.

IV.

MULTIPLICATION AND DIVISION

The curriculum for intermediate grades should be
extended with a more concentrated study of multiplication
and division facts up through the products and quotients of
100.

This teaching is usually started in the third grade.

At the intermediate level the facts should be reviewed and
re-taught intensively.

Since division is the inverse of

multiplication, the two processes should not be isolated.
They can be more effectively taught together.

One and two

figure multipliers and divisors should be introduced and
followed by the use of larger numbers involving remainders.
Multiplication should be approached as a faster
method of doing addition.
"concept of sets."

This is in harmony with the

The number facts should be discovered

from number questions and problem settings preceding class
work on the mastery of the facts.

If this is done the

class will soon see the need for mastering these facts to
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speed up calculations.

There are many good aids available

for teaching multiplication facts.

Some examples are flash

cards, multiplication lists, and special counting chartso
These and many other aids are valuable reinforcements.
The study of multiplication should include the study
of factors and factoring and the use of prime numbers.

This

should be approached by hunting for different ways to express
multiplication facts.
One of the most difficult computations for a fourth
grade student to master is division.

It involves memorizing

many traditional rules that are followed blindly and usually
result in an answer rather than an understanding.

Scott

Foresman Publishing Company has presented a sensible method
that involves searching for groups in the dividend.

This

method can readily be explained by using subtraction, consistent ~~th the principle that division is nothing more than
rapid subtraction.

V.

CONCEPT OF SETS

An improved curriculum for the intermediate grades
will include the "concept of sets. n

We should regard the

four basic operations with natural numbers {addition, subtraction, multiplication, and division) as processes of
combining two or more sets into one set or of separating one
set into two or more sets.
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Gibb, Jones, and Junge, in The Growth of Mathematical
Ideas, present a clear description of the "concept of sets."
One of the most fruitful ideas for mathematicians in
recent years has been the concept of sets. Regarded as
an undefined term in mathematics, the word is synonymous
with words as collection, aggregate, menge (German) and
ensemble (French). In effect we may say it is a collection of things (5:11).
Some mathematicians have accepted the idea of sets as
an intrinsic element in the construction of virtually all
mathematical systems.

Many of these people suggest that

organizing numbers into basic skills be included in our system
of instruction in the elementary and secondary schools.
The set concept should be applied in the elementary
school by teaching the grouping of objects to be counted.

To

the more advanced classes in the elementary school, the grouping of nillllbers into sets is usually discovered as a natural
phenomenon.

With this accomplished, sets can then be used in

a more effective explanation of combining in addition and
multiplication and separating in division and subtraction.
VI.

DECIMALS

Traditionally, the curriculwn for intermediate grades
will provide experiences with decimals.

At present it is

still reco.mrn.ended that the content include reading and understanding of decimals through the ten thousandths place.
Addition, subtraction, multiplication, and division of the
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decimal fractions usually should be delayed until the latter
part of the intermediate grades.

Introduction of easy prob-

lems should be provided first, with the work gradually
increasing in difficulty.
A sound introduction will make decimal fractions seem
far less difficult for students.

Wayne Peterson, in his

article in The Arithmetic Teacher, suggests, "When decimal
fractions are first introduced, it should be explicitly
understood that this is just a different way to name familiar
numbers" ( 6: 11) •
This concept can be expanded to show that decimal
fractions are compounded powers of ten, just as in positive
place value.

An additional aid in learning this place value

is learning to count by tenths and hundredths.

This count-

ing will give students an insight into the relative size of
decimal fractions.
Most of the difficulties dealing with decimals arise
from the placing of decimal points in quotients and products.
A reasonable solution to this problem is presented by Payne
and Seber:
Estimating products and quotients of decimal fractions
helps pupils place the decimal point sensibly. For a
product such as 3.24 multiplied by 4.6, students first
should estimate. Estimates should be in the interval 12
to 20 because 3 times 4 equals 12 and 4 times 5 equals
20 •••• a similar procedure is appropriate for placing the
decimal point in quotients. In an example such as 61.72
divided by 4.2, students can make a preliminary estimate
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of 15 for the quotient. This should help pupils place
the decimal points sensibly instead of following the
rule blindly (5:185).
VII.

FRACTIONS

Much concern has been focused upon the controversial
arguments about the need for teaching fractionso

Recent

studies continue to support the belief that the curriculum
for intermediate grades should include teaching the concept
of fractions from the very simple to the more difficult,
including addition, subtraction, multiplication, and division
of mixed numbers.
There are two major stumbling blocks in the teaching
of fractions.

The first develops from changing to the low-

est common denominator or (as some writers call it) the
lowest common multiple.

When fractions are changed in form,

most students conclude that there is a change or transformation within the fraction.

Unfortunately, it is usually

possible for them to become proficient by following a set of
rules and proceed without full understanding of the change.
It is likely that they will not recognize the fact that the
original fraction and its new expression are equal.

Thorough

teaching with concrete materials and visual demonstrations
will insure that the students realize that the value in a
re-stated fraction has not changed, only the name of the
numbers has been changed.

When the student establishes this
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understanding, he is able to retain concept of changing a
number to its lowest common multiple.

This provides a

readiness for adding unlike fractions involving changing
numberals or parts to something that is more convenient to
work with.
The second major problem in dealing with fractions
comes from division of fractions by following the traditional
rule of "inverting and multiplying."

This is probably the

least meaningful of all the rules youngsters learn.

Many

authors have suggested that a more advantageous method of
presentation would be to write the problem as a complex
fraction.

We could then multiply both the numerator and

denominator by the reciprocal of the denominatoro

When pre-

sented meaningfully, this process, multiplication by the
property of one, will give meaning to the idea of "inverting
and multiplying."

There is a very definite "carry-over"

value to learning to use complex fractions and reciprocals,
for this is very fundamental to algebra.

VIII.

RECOGNITION OF GEOMETRIC FIGURES

Introduction and identification of geometric figures
should be an intregal part of the curriculum for the intermediate grades.

Students should be provided experiences with

circles, squares, triangles, rectangles, parallel lines,
angles, perimeters, concepts of area, concepts of volume, and
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the measurement of angles in degrees.
This learning should be based primarily upon children's observations and experiences with handling and
comparing concrete objects representing geometric shapes
and forms.

This firsthand live experience is indispensible

to a reliable grasp of basic geometric concepts and skills
of recognizing geometric figures.
IX.

PROBLEM SOLVING

Problem solving is a major curricular area in arithmetic teaching for the intermediate grades.

At this level,

problem solving involving the uses of the four basic
processes should be extended to studies of comparison,
ratio, fractions, and decimals.
Clark and Eaks analyze problem solving in this manner:
Thinking and concept development are integral parts
of the process of the problem solving. Problem solving
situations are involved at all stages in concept
development: at the experience level, at the materials
level •••• a problem situation is one that presents a
problem to a child, that is, one that challenges him,
one that he can (and wishes to) solve, and one that
requires thinking on his part (1:259).
S~udents should be led to discover, invent, and
generalize mathematic concepts.

By using the approach of

discovery, they will realize there is no single set of rules
or no fixed method of problem solving.

Students should be

taught to learn independently and creatively and to apply
mathematical concepts to exercises with understanding.
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Teachers should use flexible and varied procedures to
attain these understandings.

Students should be allowed

to draw the problem or to re-enact the problem if it lends
itself to this type of activity.

Sometimes they should be

allowed to work together to arrive at a method of solving
problems.

A teacher should never rule out a method of

problem solving even if he knows the method is in error.
He should let students discover their own errors.

This

experience will result in students learning to think logically, to analyze, to discriminate, and to seek a fuller
understanding of what they are actually doing.

The emphasis

is changed and should now be on the understanding rather
than the computation.

X.

IDEA OF PROOF

Curriculum for the intermediate grades aimed at
meaning and logic will help develop the concept of proof.
Students should use addition to prove subtraction, multiplication to prove division, and substituting or placing
the answer back into the context to verify a problem's
answer.
To justify the teaching of proofs, Smith and Henderson offer the theory that proof is one of the pivotal ideas
in mathematics.

By pivotal is meant that we may test the

implication of ideas, which establishes the relationship of
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the idea and leads to the discovery of new knowledge

(5:178).
In the past, proof has been confined to parts of
geometry and algebra and to the use of checking addition,
subtraction, multiplication, and division in arithmetic.
This application only begins to utilize the potential use of
proof.

Proof should be used vigorously at all levels in all

areas to promote keener reasoning and fuller understandings.
XI.

RATIO AND PER CENT

An inclusive curriculum for the intermediate grades

provides an introduction to ratios as comparisons, as reductions, and to express rate.

In conjunction with the

introduction of ratio comes the introduction of per cent or
the meaning of the terminology and how it applies to life
situations.

This idea is recommended by Herbert Spitzer,

who contends that there is a need for teaching the concept
of per cent as early as grade five (8:258).
The more capable students should be given problems
dealing with per cent.

This provides an ideal opportunity

to teach division as the inverse of multiplication, using
abstraction and symbols.

This leads directly to the use of

the algebraic method which will involve the use of equations
and replace the obsolete Case Method of Identification still
used in some schools.
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The teaching of per cent should be done in response
to the pupils' finding a vital need to express and manipulate per cent.
XII.

APPROXIMATION OF MEASURES AND

ESTIMATING RESULTS OF COMPUTATION
A well constructed curriculum for the intermediate
grades should provide experiences in approximating measures
and estimating numbers.
A knowledge of approximation will insure that students
gain a reasonable amount of success in approximating distance, size, height, and numbers in a group.

Terms such as

greater than, less than, equivalent, equal to, smaller, and
between should become part of the student's vocabulary.
Estimating the results of computations produces a
reasonable measure of success in placing decimals and in
preventing students from recording some impossible answer.
In estimating answers, the student must have a working
knowledge of place value to reduce numbers to a workable
form.

For example, the quotient of 81,250 divided by 2,050

could easily be estimated if it were thought of as 80
divided by 2 with the answer expressed in thousands.
Estimating results of computation involving addition
and subtraction also can be useful because students will
learn to look for answers to fall between two numbers.
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In the example 8½ added to 6t, most students will learn to
see that the answer must fall between 14 and 15.

The better

students will see the answer is between 14½ and 15.
Estimating results can and should be extended to all
parts of a well balanced mathematics curriculum.

CHAPTER IV
SillViMARY

Traditional mathematics curriculum and teaching
methods centered around rote memorization, drill, and mechanistic busy-work is undergoing a much needed revision.
Textbooks are being revised to include research
results of the many professional organizations interested
in improving the study of mathematics.

Teachers are being

more thoroughly prepared to teach mathematics through
mathematics' scholarships, by workshops, and by college
summer schools.
available.

Many new and valuable teaching aids are

With these advances and a curriculum derived

from the fundamentals of a unified program at all levels
of education, capable mathematicians should be produced.
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APPENDIX

The following comments dated May 18, 1961, are
excerpts from personal correspondence between the writer
and A. M. Johnson, Editorial Staff, Silver Burdett Publishing Company:
••• The field of elementary arithmetic is very
critical at this time. Much of my time these past
two weeks has been spent trying to evaluate the recent
research with the hope of trying to resolve or equate
the different points of view. This has to be done
before we can establish the final structure of our new
arithmetic program in project. As you probably know,
the School Mathematics Group experimental units for
Grades 4 - 6 were published last week. The impact of
their work is still to be determined •••• You may be
certain our final structure will include the four basic
processes with whole numbers, fractions, and decimals.
In addition to this there will be presented the concept of sets, numeration, linear measure, recognition
of geometric figures, primes, factors, exponents,
ratio and per cent, graphs, area, and volume •••• If I
were doing a paper for credit developing a course
outline, I would use as basic source material the
"Flow Chart of Basic Mathematical Ideas" in the 24th
Yearbook of the National Council of Mathematics
Teachers. Since this suggested program is cloaked
with the respectability of the National Council, you
will be able to stay out of trouble--and that is
important when you do a paper or thesis for credit.

Sincerely,
A.M. (Sam) Johnson

